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Abstract 



^ , In this paper we constructively determine a family of the spectral 

^S) ' invariants of the multidimensional Schrodinger operator with a periodic 

' potential by the given band functions. 

o 

m 

: 1 Introduction 

' We investigate the Schrodinger operator 

P^. L{q) = -A + q{x), xeR'^, d>2 (1) 

I with a real periodic (relative to the lattice il) potential q{x) G W2{F), where 

i s > 6(3''((i+l)^)-|-(i and F is the fundamental domain R''/il of 17. The spectrum 

^ I of L{q) is the union of the spectra of the operators Lt{q) for t E F* = M.'^/T 

• • . generated by (1) and the conditions 



u{x + Lu) ^e'^'^'^^uix), yujen, 



'. where T = {(5 G : {S,lj) e 27rZ,Vw G fl} is the lattice dual to n ( see [1]). 

The eigenvalues Ai{t) < A2{t) < ...of Lt{q) define functions Ai(i), A2{t), of 
t that are called the band functions of L{q). In this paper using the asymptotic 
formulas for the band functions and the Bloch functions obtained in [4], we 
obtain more detailed asymptotic formulas and then constructively determine a 
family of the spectral invariants by the given band functions. In introduction 
we list the main results. In section 2 we prove the main results without giving 
some estimations which are given in section 3 and in appendices. 

Let 5 be a maximal element of F, that is, 6 is the nonzero element of F of 
minimal norm belonging to the line 6M. and 

q\x) = J2 9n5e™(^'-) = Q(C) (2) 
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be the directional (one dimensional) potential, where ( = {5, x) and 



tx 



Jf 



is the Fourier coefficient of q{x). Without loss of generality we assume that the 



eigenfunctions are denoted by ipo{s) and fni-'') respectively. 

In the pioneering paper [2] about isospectral potentials it was proved that if 
q{x) e C^{F), CO € fl\0, and S is the maximal element ofF satisfying {5,uj) — 
then given band functions one may recover Xq, , Xf , X2 , X2 , ■■■ and 



The proofs given there were nonconstructive. In paper [3] it was given a con- 
structive way of determining the spectrum of Lt{q^) from the spectrum of Lt{q) 
for the two dimensional (d = 2 ) case (see remark (1) of [3]). 

In this paper, for arbitrary dimension d, by the given band functions we 
constructively determine the all eigenvalues of the boundary value problem (3) 
for all values of v and a family of new spectral invariants 



J{d,b,n,v), MS,b), MS,b), J2{d,b) ( see (12), (15)) 
for V e (0, i) U (i, l),neZ, 6 e M(F), b e M{rs), where M(F) and M{Ts) 



are the set of all maximal elements of the lattices F and Ts respectively, Ts is 
the dual lattice of and = {h G Q : {h, d) = 0} is the sublattice of Q in the 
hyperplane Hs = {x G M.''' : {x, 6) = 0}. Note that Jk{S, b) is explicitly expressed 
by Fourier coefficient of q{x). Moreover, if d > 2 and q{x) is a trigonometric 
polynomial then, in general, the number of nonzero spectral invariants Jk {6, b) 
is greater than the number of nonzero Fourier coefficient of g(a;).This situation 
allows us to give ( it will be given in next papers) an algorithm for finding the 
potential q{x) from these spectral invariants. 

Let us describe the brief scheme of this paper. First using the asymptotic 
formulas for the band functions and the Bloch functions obtained in [4], we 
obtain more detailed asymptotic formulas and then using these formulas we 





or Jp. I Q^{x) |2 ((<^+(s))2 + {<fi„ {s)f)dx if A„ = A+, where 
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constructively determine the family of the spectral invariants. The eigenval- 
ues of the operator Lt{0) with zero potential are | 7 + t p for 7 e F. If the 
quasimomentum 7 + f lies near the diffraction plane 

Ds = {x gR^ :\xf - \x + 5 f=0}, (4) 

then the corresponding eigenvalue of Lt{q) is close to the eigenvalue of the 
operator Lt{q^) with directional potential (2). To describe the eigenvalue of 
Lt{q^) we consider the lattice Tg. Let Fs = Hg/Ts be the fundamental domain of 
r^. In this notation the quasimomentum 7+^ has the orthogonal decompositions 

7 + t = /3 + T + (i + v)5, (5) 

where /3 G r,5 C ff<5, T G C Hg, j £ Z, v £ [0, 1) and v depends on /3 and t. 
The eigenvalues and cigenfunctions of the operator Lt{q^) are 

Xi,0{v, r) =1 /3 + r |2 +f,j{v), ^(x) = e*('5+-'-)v'.>(C) (6) 

for j e Z, /? G r^, where lJLj{v) and </5j>(C) are eigenvalues and cigenfunctions of 
the operator Ty{Q) generated by the boundary value problem (3). We say that 
the large quasimomentum (5) lies near the diffraction plane (4) if 

Ip<\0\<Ip, 3=0{p'^^l (7) 

where p is large parameter, a = 4(3^(^+1)); and ak = S''a for fc = 1,2, ...,d. In 
this paper we construct a sot of quasimumentum near the diffraction plane Dg 
such that if /3 + r + ( j + v)d ( see (5)) belongs to this set, then there exists a 
simple eigenvalue, denoted by Aj_/3(w,r), of Lt{q) satisfying 

^jA^,r)=Xj,0{v,T) + O{p-^), (8) 
Aj^v, r) = XjAv, r) + - I \ fl^^, \ |</p,>|' dx + 0{p-^'^+^^- Inp), (9) 

J F 

where a = 1 — + a and 

The eigenfunction '^jjj{x) corresponding to Aj ,g(u,r) satisfies 

<^M = '^M + o{p-'^). (10) 

Besides we prove that derivative of Kj^jj{v, r) in direction h = satisfies 

I + r I ^^^^1^ =1 /3 + r P +0{p'-'^) (11) 
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and the derivative of other simple eigenvalues, neighboring with A.j^fj{v, r), does 
not satisfy (11). Using this formulas we constructively determine the eigenvalues 
/i„(w) for n e Z, t; e [0, 1) and the spectral invariants 



J{5,b,n,v) = J \ qs,b{x)(pn,v{S,x) \ dx (12) 

for V e (0, i) U (^, 1), n e Z, and for all maximal elements b of Ts, where 6 is 
any maximal element of F, 

iesis,b)\sm. ^ 

S{S, b) = P{S, b) n r, and P{5, b) is the plane containing 5, b and 0. Then 
substituting the asymptotic decomposition 

Wn,v[Q)\ = ^0 H 1 5 1-..., (14) 

where ^fc(C) is expressed via (5(C) ( see (2)), into (12) we find the invariants 
Jk{5, b) = \q5,b{x)\^Ak{0dx (15) 

for A: = 0, 1, 2, ....Using the well-known asymptotic formulas for eigenvalues and 
eigenf unctions of the Sturm-Liouville operator Ty (Q) by direct calculations we 
find ^o(C)) ^i(C)) ^2(C) and the invariants 



95,6(a;)|^9*(a;)rfa;, (16) 



i 



\q^{x)\ dx (17) 

( see Appendix D). If the potential q{x) is a trigonometric polynomial then the 
most of the directional potentials has the form 

g*(ar)=g5e*(^'")+9-5e-^(^'^). (18) 

In this case, by direct calculations, we show that (see Appendix D) 

Ao = 1, A,= 0, A2 = ^ + ai \qs\^ , A^ = a2q\x) + \qs\^ , (19) 



A, = a,q'{x) + a5(rz,2e^2(^'-) + g^^e^^^^'^)) + 



where ai, 02, ag are the known constants. Moreover using (19), (17), and (15) 
for A; = 2, 4 we find the invariant 



/ 



qs. 



,,(x)p(g2e^2(.,.)^^^^^-.2(...))^^ (20) 



in the case (18). In next paper we give an algorithm for finding the potential 
q{x) by the invariants (16), (17), and (20). 
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2 The Proofs of the Main Results 

In this section we give the proofs of the main results without getting the technical 
details. The technical details, namely the proof of lemmas and some estimations 
are investigated in Sections 3 and in appendices respectively. First let us prove 
(8) . To obtain the asymptotic formulas for large eigenvalues wc introduce a large 
parameter p. If the considered eigenvalue is of order p^ we write the potential 
q{x) e (F) in the form 

q{x)= 97e'^'''"^+0(p-^"), (21) 

7er(p«) 

where p = s-d, r(p") = {7Gr:0< |7|< p")} and a is defined in (7). Note 
that the relation q{x) G M^l (-^) means that 

J2\q,\' (1+ I 7 1'^) < oo. 

This implies that if s > d, then 

^ I |< ci, sup I l< E I «^ 1= 0{p-n, (22) 

7er imp") l7l>p° 

i.e., (21) holds. Here and in subsequent estimations we denote by Cj (i = 1, 2, ...) 

the positive, independent of p, constants. 

In [4] ( see Theorem 3.1, Theorem 6.1, and (6.45) of [4]) we proved that if 

j e Slip), 13 e S2{p), V e 53(/3,p),t e S4{l3,j,v,p), (23) 

then there exists unique simple eigenvalue AAr(t), denoted in [4] by A(Aj,/3) and 
in this paper by Aj^^(t;,r) or by A;v(j,/3)(i)j of Lt{q) satisfying 

H0iv,r)=Xj,^{v,r)+Oip-^^) (24) 

and the corresponding eigenfunction ^jv,t(a;), denoted here by ^'j,/3(a;), satisfies 

vI',-^(a;) = $,-^(a;) + 0(p-"Mnp), (25) 
where a2 is defined in (7) and the sets Sk for /c = 1, 2, 3, 4 are defined as follows: 

Si{p) = {jGZ:\j\<^^-^}, (26) 

S2{p)={f}GTs:f}G{Rs{^p-ds-l)\Rs{lp + ds + l))\{ \J y/(p^))}, 

where dg = sup^ y^p^ \ x — y \ is the diameter of Fg, 

Rs{c) = {xeHs:\x \< c}, Tsic) = {6 e : <| 6 |< c}. 
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V,\c) = {x&Hs:\\x + b\^ -\x\^\<c}, 

S^{(i,p) = W{p)\A{(3,p), (27) 
where W{p) = {v & (0, 1) :| ,ij{v) - ^/(t^) |> V/,i e Z, / ^ j}, 

A{p,p)= y 

6er5(p"<i) 

h,p) = {v& [0, 1) : 3j e Z, I 2(/3, h)+\b\'' + \ {j + v)S f\< Msp"'}, 
and Si{(3,j,v,p) is an asymptotically full subset of F^: 

p{SMj,v,p))=f^{Fs){l + 0{p-'^)). (28) 

In this paper to obtain the asymptotic formulas, which is suitable for the 
constructively determination of the spectral invariants, we put an additional 
conditions on /?, namely we suppose that 

U (29) 

6er5(pp«) 

where a is defined in (9). By definition of V^{p°') the relation (29) yields 

II /3 I' - I + |'|> P", m e Tsipp'^). (30) 
Using the inequalities | /3i |< pp", \ t \< ds, a > 2a, we obtain 

||/3 + r|2-|/3 + /3i+T|2|>^p°, V/3ier,(pp«). (31) 

Now we prove (8) by using (23), (31), and the following relation called the 
binding formula for Lt{q) and Lt{q^): 

{AN{t) - \j,0)HN,j, 13) = (*iv,t(a;), {qix) - q^{x))^j,0{x)), (32) 

where b{N,j,/3) = (\E'Ar^t(x), $j ,3(2;)), which can be obtained from 

i-t («)*«,* (a;) =A„(t)*„,t(a;) 

by multiplying by ^j.pix) and using Lt{q^)^j,is{x) = \j,p^j,p{x). In [4], using 
(21), we proved that ( see (3.22) and (3.23) of [4]) if | jS |< r, | /3 |> |p, where 
r > n and n — |pj + 2 | 5 | , then the following decomposition 

{q{x)-q'{x))^j,0{x) = J2 A{j,[3,j+n,(3+0,)^j+j,^0+0,{x)+Oip-n 

Ol,/3l)eQ(p",9r-) 

(33) 

of {q{x) — q^{x))^j^/}{x) by eigenfunction of L^{q^) holds, where 
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g(p",9r) = {(j,/3) :| jS \< 9r, <| /3 |< p»} and 

\A{j,/3,j+n,l3 + pi)\<C2. (34) 

0'i,/3i)eQ(/9°,9r) 

Using this decomposition in (32), we get 

{AM{t)-Xj,0)b{N,j,p) = O{p-n 

+ A{j,p,j+n,p + p,)b{N,j+n,p + p,). (35) 

Remark 1 If \ j 6 \< r, \ p |> |p and \ Ajv — |> c(p), i/ien fey (35) we 

have 

b(N ■' 3) = V Mj,P'j'+h,l3'+f3i)biN,j'+ji,p'+Pi) . 1 . 

//j e <S'i(p) i/ien I |< ri = 0{p"^) and in (35) instead of r we take vi. 

Theorem 1 // (23) and (29) hold then the eigenvalue h.j^(^j^0){t) = Kj^p{v,T) 
defined in (24) satisfies (8). 

Proof. Since b{N,j,(3) = 1 + 0{p-"^ \np) ( sec (25)), where N = N{j,(3), 
we need to prove that the right-hand side of (35) is 0{p~°'). First we show that 

b{N,j+j,,(3 + p^) = 0{p-'') (36) 

for /?! e Ts{pp"), j = o{p^), ji = o{p^). For this we prove the inequaUty 

I AN{t) - Xj+nM \> ^P". V/3i G Tsipp^), \/j = o(pt),Vji = o(pt) (37) 
and use the formula 

b{N, j + n , A + /?) = (38) 

which can be obtained from (32) by replacing the indices j, /3 with j (3 + (3i. 
By (24) the inequality (37) holds if 

I Hiv)+ \P + rf -lij+H {v)- I /3 + /?i + r n> ^-p\ 

This inequality is consequence of inequality (31) and the equalities 
j = o{pi), j + ji = o{pi) ( see the conditions on j, ji in (36), (37)), 

p^{v)=\{n + v)5\^ +0{-). (39) 

n 



Thus (36) is proved. Using (36), the definition of Q(p",9ri), and the relations 
ri = 0{p'^^) ( see Remark 1), ai < | ( see (7), (9)) we obtain that all multipli- 
cands b{N,j + ji, /? + 0i) in the right-hand side of (35), in the case r = ri, is 
0{p~°'). Therefore (34) implies that the right-hand side of (35) is 0(p~°) ■ 

To prove the asymptotic formula (9), we iterate (35) , in the case r = ri, as 
follows. If I j(5 |< ri, then the summation in (35) is taken under condition 

(ji,/?i) G Q(p",9ri) ( sec Remark 1). By the definition of (5(/9",9ri) we 
have I ji5 |< 9ri. Hence | (j + ji)5 |< r2, where r2 = lOn. Therefore, using 
(37) and Remark 1, we get 

6(iv,.+..A+/3)= E mi),m,mm)mm,m)) ^ 

where j(fc) = 3+h+j2+...+3k, P{k) = f3+l3i+l32+...+Pk for A; = 0, 1, 2, ....Using 
this in (35) we obtain 

(Ajv - Xj,0)b{N,j, (3) = 0{p-n+ (40) 
y A{j,l3,j{l),p{l))A{j{l),p{l),j{2),p{2))b{N,j{2),p{2)) 

02,/32)eQ(p°,9r2) 

To prove (9) we use this formula and the following lemma. 

Lemma 1 Suppose (23) and (29) hold. If j ^ j, \j5\<r, where 
r = 0(pl"2)^ r > and ri = fj^ + 2 | (5 | then 

5(7V(i,/3),/,/3) = 0(p-2Vlnp). 

Remark 2 // (23) holds ,then there exists unique index N(j, f3, v, r) , depending 
on j, P,v,T, for which the eigenvalueKiq (t) satisfies (8). Instead of N{j,P,v,T) 
we write N{j,(3) ( or N) ifv,T ( or j, P,v,t) are unambiguous. 

Theorem 2 If (23) and (29) hold, then Kj^i3{v,T) satisfies (9). 

Proof. We prove this by using (40). To estimate the summation in the 

right side of (40) we divide the terms in this summation into three group. 
First, second, and third group terms are the terms with multiplicands b{N, j, (3), 
b{N,j{2),l3) with j(2) 7^ j, and b{N, j{2), P{2)) with (3(2) ^ (3 respectively. The 
sum of the first group terms is Ci{Aj^)b{N,j, (3), where 

^ ^ V- (3, j + + f3i)A{j + ji,(3 + (3i,j, (3) 
Gi(AAr) = > . (41) 

The sum of the second group terms is 

y Mj, 13, 3 + + l3i)A{j +h,l3 + i(2), /3) ^^^^ .^^^ 
0.,ft)eQ(p",9n) A;v-A,-+,„^+^, 

a2,/32)eQ(p'',9r2) 
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where j(2) ^ j. Since r2 = lOri = 0(/3"i) ( see Remark 1) the conditions 
on j, ji, j2 and Lemma 1 imply that j{2) = 0{p°'^ ) and b{N,j{2), (3) = 
0{p~^°'~^^°'^ Inp). Using this, (34) and (37) wc obtain that the sum of the second 
group terms is 0(/9~^"+^"i Inp)- The sum of the third group terms is 

^ A(i,/?,i(l),^(l))A(,(l),/3(l),i(2),/3(2))^^^^.^^^^^^^^^^ ^^^^ 
where /3(2) ^ (3. Using (37) and Remark 1 wc get 

KN,ji2im))= E -^0-(^)-/^(^);^^^-(3)^f))^(^>^-(3),/3(3))^^^^_,.) 



(j3,/33)eQ(/3'',9r3) 



An - Aj(2),/3(2) 



where ra — 10r2. Substituting it into (42) and isolating the terms with multi- 
plicands b{N,j, P) we see that the sum of the third group terms is 

C2{AN)b{N,j,0) + C3(Ajv) + 0(p-f«), 

where 

r(^ . ^(i, 13, m, /?(l))^(j(l), /3(l), j(2), /3(2)) A(i(2), m,j, P) 

02,/32)6Q(p°,90ri) 

(43) 

( n A{j{k-l),P{k-l),j{k),m))b{N,j{3),P{3)) 
C3(Ajv) = E ~ 7a \ VA \ ^ ' 

(j3,/33)eQ(p",9r3) 

and (jX3),/3(3)) {j,f3). By (36) and Lemma 1 6(iV, j(3), /3(3)) = C»(p-") for 
(j(3),/3(3)) Using this, (34), and taking into account that 

I AN{t) - Aj-(i)_^(i) |> -p", I AN{t) - Aj(2),/3(2) |> -p" 

for /3(1) ^ /3 , /3(2) ^ /3 ( see (37)), we obtain C3(Ajv) = Oip-^"). The esti- 
mations of the first, second and third groups terms imply that the formula (40) 
can be written in the form 

{AN-Xj,0)b{N,j,(3) = (Ci(A^) + C2(Aiv))K^,i,/3)+0(p-^"+'"Mnp), (44) 

where N = N{j, P,v,t), An = Aj^p{v,T). Therefore dividing both part of (44) 
by b{N,j,P), where b{N,j,/3) = l'+o(l) (see (25)), we get 

A,./3 = A,. ^ + Ci(A,- ^)) + C2(A,- ^)) + 0(p-3«+2«i inp). (45) 
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The calculations in Appendix C and in Appendix B show that 

Cr{hi,0{v,T)) = ^J^\fs,p+Ax)f |<p,>|2da; + O(p-3«+2«0, (46) 

C2iA,Av,r)) = 0{p-'^+'-^). (47) 
Therefore (9) follows from (45) ■ 

Theorem 3 // (23) and (29) hold then the eigenfunction ^'j,/3(x) corresponding 

to Ajjj{v,T) satisfies (10). 

Proof. To prove (10) we need to show that 

^ |6(A^(i,/3),i',/3')|2=0(p-2»). (48) 

(/,/3'):(/,/3')5^(i,/3) 

In [4] ( see (6.36) of [4]) we proved that 

^ |6(Af,/,/3')|2=0(p-2'=«=(lnp)2), (49) 
0',/3')e5'<=(fe-i) 

where S-{n) = Ko\S{n), = {(/,/?') : / € Z, /?' e TsAj,P') ^ U.P)}, 
S{n) = {(j',/3') e ifo :| /3 - |< «/o" , | 3 S \< 10"/i}, h = 0(p^"2) and k can 
be chosen such that ka2 > a, k < p. Therefore it is enough to prove that 

^ |6(A^,/,/3')|2=0(p-2-). (50) 

(/,/3')GS(fe-l) 

Using (37), (38), definition of S{k — 1) and Bessel inequality for the basis 
{^j'^p' {x) : j' e Z, /3' e r^} we have 

^ |6(iV,/,/3')|2= 

(/,/3'):(/,/3')eS'(fc-l),/3V/3 

In the case f3 ^ (3, j ^ j using Lemma 1 ( we can use it since | j <5 |= 0(p^"^) 
for (j , /3 ) e S(}i — 1)), we obtain 

^ |6(Af,/,/3)|2=0(p-4-+2"^(lnp)2)if, (52) 

(i',/3)eS(fe-i),jVj 

where K is the number of j satisfying (j ,/3) e S'(A: — 1). It is clear that 
K = 0{pi"^). Since q;2 < f ( see (7) and (9)), the right side of (52) is 0{p-'^''). 
Therefore (52) and (51) give (50) ■ 

Now we estimate the derivatives of Ajv(t) by using the following lemma. 
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Lemma 2 Let An{(3 + t + {j + v)5), be a simple eigenvalue of Lt satisfying 

I Aw(/3 + T+{j + v)S) - Xj,p{v, r) |< 1, (53) 
where j, 0, satisfy (23), and + t + {j + v)5 - t . Then 

|/3 + t|^^= {P + r,(i' +T)\h{N,j' (54) 

j'gz, fi' evs 

where is the derivative of K^it) in the direction h = ||^- Moreover 



-/?'+rP + |(/+%^P)|/3'+rP^+e (55) 



for all P satisfying \ (3 + r |> 4p and for all j Gl> . 
Theorem 4 // (23) and (29) hold, then (11) holds too. 
Proof. It follows from (55), (48), (10) that 

^ (/3 + r,/3'+T) I h{N,j\p') |2=0(p2-2a)^ 

j'eZ,|/3'+T|>4p 

(/3 + r,/3' +r) I 6(iV, /,/?') |2= 0(p2-2a)^ 

/eZ,|/3'+r|<4p,(/,/3')5^(j,/3) 

(/? + r, /3 + r) I 6(Ar, j, /3) 1^=1 (3 + t\^ +0{p''-^'^), 

where N = N{j, (3, v, r) ( see Remark 2). Therefore (11) follows from (54) ■ 
To prove the main results of this paper we need the following lemmas 

Lemma 3 If Aj^{f3 + t + {j + v)6) is a simple eigenvalue of Lt{q), where 
P + T + {j + v)5 -t^T, satisfying (53) and N ^ N{j, (3), then 

l/3 + r|^<|/3 + rP-ip-^. 

The proof of this lemma is given in Section 3. Here we only note some reason 
of this estimations. It follows from (48) that 

I h{N,j,P) |2= 1 + 0(p-2-) for N = 7V(j, P). (56) 

Since || <^j^i3{x) ||= 1, using Parseval's equality for the orthonormal basis 
{*jv(a;') : A'' = 1, 2, } and (56), we get 

I h{N,j,P) |2= 0(p-2»), V TV ^ iV(j,/3). (57) 

This with the long technical estimations of the other term of the series of the 
right side of (54) implies the proof of the Lemma 3. 
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Lemma 4 Let b be a maximal element ofTs and v £ (0, 5) U 1). Then there 
exist p{v) such that for p > p{v) there exists (3 G S2{p) satisfying the relation 

V ^ A{P, p) and the inequalities 

i|pr<|(/? + r,6)|<3|pr, (58) 
I (/? + 7) l> \\pV, V7 e S{5, b)\5R, (59) 
l(/3 + r,7)l>^|pr'", V7^5(5,6), | 7 l< N", (60) 

j \fs,i}+T{x)\^ Wn,vt dx < CiP~'^"- (61) 
/or r e Fs, where S2, A{p,p), fs,i3+T, S{S,b) are defined in (26), (27), (9), (13). 

Theorem 5 Suppose q{x) G W2{F) and the band functions are known. Then 

the spectral invariants ^n{v) for n E li, v € [0,1) and (12), (15), (16), (17), 
(20) can be constructively determined. 

Proof. Take any j e Z and w e (0, i) U (i, 1). In [4] ( see Lemma 3.7 of [4]) 
we proved that 

{e{p), \ - e{p)) U (1 + e{p), 1 - e{p)) C W{p), 

where W{p) is defined in (27) and e{p) ^ as p — > 00. Therefore v e W{^p) 
for p ^ 1. On the other hand by Lemma 4 there exists G 5*2 (p) such that 

V i A{P,p) and (58)-(61) holds. Then v € S'3(/3,p) ( see (27)). Thus j,P,v 
satisfy (23) and (3 satisfies (58)-(61) for p » 1. Replacing p by pfc = 3'^p for 

k = 1,2,..., in the same way wc obtain the sequence /3i,/92,.--j such that 
Pk G S2{pk)) V G Sz{l3k,Pk) and the inequalities obtained from (58)-(61) by 
replacing /3, p with (3k, Pk holds. Now take r from Fs and consider the band 
functions ^^{[3^ + t + (j + v)5) for iV = 1, 2, .... Let Ak be the set of all t G Fg 
for which there is N satisfying the conditions: 

I Aw(/3fe + T + {j + v)5)- \f3k+T\^ + v)S n< 1, (62) 

^NiPk + T + {j + v)6) is a simple eigenvalue, (63) 
\\0k+r I 9A.i(3k+r + U + v)6) _ ^ ^ ^ |2|< 

where h = |||^- For t € A^ take one of eigenvalues Ajv(/3fe + t + {j + v)S) 
satisfying (62)- (64) and calculate the integral 

J{Ak) = I i^NiPk +T+{j+ V)S)- \Pk+T \^)dT. 

l^-K-fs) jAk 

We write these integral as sum of J{S4{l3k, j,v, pk)) and J{Ak\S4,{l3k, j,v, pk)), 
where Si{(3k, j,v, pk) is defined in (28). Note that if r G Si{f3, j,v, p), where 
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j e Slip), P G 5'2(p), V e S3{l3,p) ( see (23)) then the formulas (24), (8), 
(9), (10), (11) hold. Here for brevity of notatfons instead of S4{(3k,j,v,pk) we 
will write S4. If t e 5*4 then by (24) and Theorem 4 the eigenvalue Aj_^j.(t),T) 
satisfies the conditions (62)-(64) and by Lemma 3 the other eigenvalues does 
not satisfy these conditions. Hence in the integral J{S4) instead of 

^Nih + T + (j + v)5) we must take Kj^f3^{v,T)). Therefore using (8), (28), 
the inclusion Aj^ CL Fs, and (62), we get 

J(54) = + 0(Pfe"), l^{Ak\Si) = 0(p^«), J{Ak\Si) = 0(p-«). 

These equalities imply that 

J(Ak)=p,{v)+0{pl''). 

Now tending fc to cxd we find the eigenvalue iJ,j{v) for j G Z and v G (0, i)U(|, 1). 
Since /Ltj(O) and p,j{\) are the end points of the interval {Mi(^) : w e (0, |)} the 

invariants /ij(w) arc constructively determined for all j G Z, w G [0,1). In the 
Appendix D we constructively determine (17) from the asymptotic formulas for 

Let B}. be the set of r G for which there is N satisfying (63), (64), and 

I Aiv(/3fc + T + (i + v)5)- I /3fe + r p -,jLj{v) \< pf"^^, (65) 

For T ^ Bk take one of the eigenvalues ^.NiPk + T + {j + v)5) satisfying (63)-(65) 
and estimate the integral 

•^'^^'^^ = ' ^'^Hmw L ^^^^^^ + ^ + (-^^ + I + ^ I' 

We write these integral as sum of J (84) and J {Bk\S4). If t G S'4 then by 
Theorem 4 and Lemma 3 only Aj^^^(u,r)) satisfies (63)-(65). Hence in the 
integral J (S'4) instead of Ajv(/3fe + t + {j + v)6) we must take Aj^^i^{v,T)). 
Therefore using (9), (58) wc get 

^'(^4) = ' I I fs,0.+r{x)vj,v dxdr + 0{pl"^-^lnp). (66) 

Moreover using (65), (58), and p{Bk\S4) = 0{p'^°') ( see (28)), we obtain 

j'{Bk\S4) = 0{pl^). (67) 

Substituting the decomposition \5\~'^{^,5)8 + |6|"^(7, 6)6 of 7 for 7 G S{S,b), 
I 7 l< IPfel" ™to the denominator of the fraction in fg^p^+rix) ( for definition of 
this function see (9)) and using (58), (60) we have 

^lim |6|-2(/3,+r,6)^,;3,+,(a;)= ^ ^q^e^f^-) = q,^,^x), (68) 
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where qs,b{x) is defined in (13) and the convergence of the series (13) is proved 
in the proof of Lemma 4. This with (66) and (67) implies that 

/ / 2 2 

Um J (Bfe) = / \qs,b{^)\ \ipj,v\ dx = J{S,b,j,v) (69) 

k—^oo J p 

( see (12)). In (69) tending j to infinity and using (14) we get the invariant 
Jo((5, b) ( see (15)). Then we find the other invariants Ji{S, b), J2{S, b), of (15) 
as follows 

Ji = \imj^^{J - Jo)j, J2 = limj^^{{J - Jo)f - Jij), .... 
In the Appendix D using the asymptotic formulas for the eigenfunctions of 
Tv{Q) we constructively determine the invariants (16), (20) from (15) and (17) 



3 The proofs of the lemmas 

The proof of Lemma 1 

To prove this lemma we use the following formula obtained from (40) by 
replacing j and ri with j and r respectively 

(A;vo-,/3) - X^',0)b{N,j',f3) = 0{p-n+ (70) 

^ Mj, A j' (l),/3(l))A(j (1),/3(1), / (2),/3(2))6(iV, j' (2), /3(2)) 

al,/3l)eQ(p^9r) V+ii,/3+/3i 
0-2,/32)eQ(p°,90r) 

where / (fc) = / + ji + j2 + ■■■ + jk for fc = 0, 1, 2, ....By (36) we have 

5(A^,/(2),/3(2))=0(p-») (71) 

for /?(2) ^ p. If j (2) ^ j, then using (8) and taking into account that 
V e SsiP, p) C W{p) ( see the definition of W{p) in (27)) we obtain 

\^NU,0)-\',p\>^p- (72) 
Therefore using (34), Remark 1, and (36) we see that 

6(iV,/(2),/3)-0(p-«lnp) 

for j (2) ^ j. Using this, (34), and the estimations (37), (71) we see that the sum 
of the terms of the right-hand side of (70) with multiplicand b{N,j (2),/?(2)) 
for (j'(2),/3(2)) ^ {j,/3) is 0(/9-2"lnp). It means that the formula (70) can be 
written in the form 

(A;v - Xj'^^)b{N,j',(3) = 0(p-2«lnp) +Ci(/,A;v)H^,i,/3), (73) 
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where 

^ V- A{j',p,j' +ji,(3 + (3i)A{j' +ji,(3 + Pi,j,P) 

Oi,/3i)eQ(A>°,9r) +h,0+0i 

(74) 

By (8), (37), and (34) we have 

A — )r = A — r = 

and 

Ci{j',AN) = Ci{j',Xj,0) + Oip-^'^), (75) 

where Ci{j , Xj,()) is obtained from Ci{j , A^r) by replacing A^r with Xj^^ in the 
denominator of the fractions in (74). In Appendix A we prove that 

t?i(/,A,-,/3) = 0(p-2v2) (76) 

for \ j'6 \<r, (ii,/3i) e Q{p",9r), j e Si. Therefore dividing both sides of (73) 
by Aat — X-, ^ and using (72), (75), (76) we get the proof of the lemma. 

The proof of Lemma 2 

We calculate the derivative of Aiv(t) by using the formula 
where ^N,t{x) = e-*(*'^)*Ar,t(a;), t = {tiM, ( see (5.12) of [4]). Then 

To compute ^^N,t{x) we prove that the decomposition 

*iv,t(x)= Yl b{N,j',p')e<l''+^-''-^^^,{{S,x)) (78) 

of \E'jv,f(a^) over basis {4'j,/3(x) : j G € F^} can be differentiated term by 
term. Since {S, h) = 0, 

|.ei(/3'+r-t,.)^ ^ ^ ^ _ /,)e^(''' y,., {{6, x)), 
we need to prove that 

|^$iv,t(x)= ^ i(/3'+T-f,/i)6(iV,/,/3')e^('3'+r-t,.)^,,^^^^))_ (79^ 

i'ez,/3'er5 
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Therefore we consider the convergence of these series by estimating the multi- 
pUcand b{N,j ,(3). First we estimate this multipUcand for {j ,P ) £ E, where 
E = {(i',/3') :| {j +v)S \^ + \ (3' +T |^> 9p^} by using the formula 



which can be obtained from (38) by replacing the indices j + + pi with 
/,/?'. It follows from (8) and (23) that 

I Aiv |< 3p2. (81) 

This inequality, the condition (/ ,0)eE, definition of Xj' and (39) give 

- > ^(1 +v)d\' + \p'+T n > (82) 
for e E. Therefore (80) implies that 

Now we obtain the high order estimation for b{N,j , (3 ) when | /3 +t |> 4p. In 
this case to estimate b{N,j , /3 ) we use the iterations of the formula in Remark 
1. To iterate this formula we use the following obvious relations 

|/?'+r-/3i-/32-...-/3fer>^|/3'+r|2 

for k = 1,2, ...,rf+3, where | /3i |< for i = 0, l,...,fc. This and (81) give 

^'ik),0'ik)-^N>l\P' +T\^\f\P' +T\>4p, (84) 

where f3 (k) = (3 + /32 + ••• Moreover if | j (5 |< c, where c is a positive 
number, then {jk,Pk) G <5(p"; 10'^~^9c). These conditions on j and ji imply 
that I J (1)^ |< 10c. Therefore in the formula in Remark 1 replacing j ,p ,r hy 
/(l),/3'(l),10c, weget 

b{N,j'{l),p'{l)) = Oip-n+ 
A(/(l),/3'(l),/(2),/3'(2))6(iV,/(2),/?'(2)) ^ 

In the same way we obtain 

b{N,/ik),p'{k)) = 0{p-n+ (85) 
A{j'{k),f3'{k),j'{k + l),(3'{k + l))biN,j'{k + l),(3'{k + l)) 



E 
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for k — 1,2, .... In the formula in Remark 1 for r 
k = 1,2, ...d + 3 successively, we get 



c using this formula for 



d+3 



b{N,j',f3') = Y,ill 



A{j'{t),0ii),j'{t + l),p'{i + l)) 



i=0 



(A 



N 



V(i),/3'«) 



)6(iV,j {d+4),p {d+4)), 



(86) 

where sum is taken under conditions (ji, € 9c), (j2, /?2) € Q{p°',90c), 

{jd+i-, Pd+i) € <9(p", (10''+3)9c). Now using (34), (82), and (84), we obtain the 
proof of (55). It follows from (83) and (55) that the series in (78) can be term 
by term differentiated and (79) holds. Substituting (79) into (77) and using the 
Parseval equality by direct calculation we obtain the proof of the lemma. 

The proof of Lemma 3 

By Lemma 2 we have 



/3 + T 



dKN{t) 



dh 



: {P + r,p' +T)\h{N,j ,P)\^=Y,Ci, (87) 



where 



b{N,j ,p) 



(88) 



and Aj is defined as follows 



At = {/?' e 
A2 = {0 e 

A3 = {p' e r,- 
A4 = {/?' e Ts 
As = {/?' € 
Ae = {/?' e r,- 
Aj = {/?' e 



+ TiRs{Ap)}, 

+ rGRs{4p)\Rs{H+lp''-')}, 

+T e {R5{H+^p-~^)\Rs{H+p^^-^)), I /3-/3' |> p--^^}, 
+T e {RsiH+^p-'^)\Rs{H+p'---^)), I /?-/?' |< 

+ T G (i?5(i? + p"'^-l)\il'5(if-p2"^-l)), I /?-/?' |> p"<^}, 
+ Te (il'5(i? + p"<^-l)\il'5(if-p2"^-l)), I /?-/?' |<p"''} 



T e i?5(iJ 



-1)}, where H=\(3 + t\ . 3e S2{p), 



and hence by definition of 5*2 (p) ( see (23)) H satisfies the inequalities 



First we prove that 



1 zj 3 



Q = 0(p2-2-), Vz = 1,2,4,6. 



(89) 



(90) 



It follows from (55) that (90) holds for i = 1. To prove (90) for i = 2 we use 
(80) and show that 

Ay_^' - A;v(t) > C6P". (91) 

First let us prove (91). Since (53) holds, it follows from (8), (39) and the 
relations j £ S'i(p) ( see (23) and definition of Si{p)) that 



An = H' + 0{p^"'). 



(92) 



17 



If /? & A2 then using (89), definition of ^j\fj' „ and (39) we have 

Aj.'^^' >if2 + C7p". (93) 

This, (92), and the inequality a > 2ai imply (91). Now using (91), (80), the 
inequahties | /3 + r |< |/9 ( see (89)), \ (3 + t \< Ap and Bessel inequahty we 
obtain the prove of (90) for i = 2. 

To prove (90) for i = 4 we use the inequahty C4 < csp^{C4^i + C4,2), where 

j':\j'S\>^pi 

^4,2= E ( E \b{N,j\0')f) 

and prove that 

C4. = 0(p-'"),Vz = l,2. (94) 

It is clear that if /3 £ A4 and \ j S \> -^p^ then (93) holds. Therefore repeating 
the prove of (90) for i = 2 we get the proof of (94) for i = 1. 
Now we prove (94) for i = 2. It follows from (80) that 

Since > 2ai it follows from (92) that the inequality A^'^^/ — Ajv(i) > cgp""* 
holds for p' e j44, | /(5 \ < p^ . Therefore using (39) we obtain 

^ JA.(0-A,.- p <cio,V/?'.^4, (96) 
i':|i'-51<KjP = 

where cio does not depend on /3 . Using this in (95) and denoting 

I (*jv,(5(a;)-Q(s))$„(^.)^^'(a;)) 1= max ^ | (^-jv, (^(x) - Q(s))$^.',^' (x)) | 

(if max is gotten for several index n(/3 ), then we take one of them), we get 

C4,2<Cn E l(*^(^).(«(^)-0(«))^n(/3'),/3'(^)) r 

Now using (33), (34) and then (80) wc obtain 

C4,2 < ciap-^'" + C12 E I b{N,n{(3')+M(}'),(3' +(3,{P')) p (97) 

13'eAi 

= C12P +C12 > 7- r f2 ' 

P'^A^ I ~ ^n{^3')+h{|3'),^3'+^3^{p') I 
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where 

\b{N,n{f3')+h{(3'),(3'+f3i{f3'))\= max ^ \ b{N,n{p')+h, p' +0^) \ . 

(ji,/3i)eQ(p°,93^p7) 

To estimate 6*4,2 let us prove that 

I - Xni0')+j,(0'),0' +13,(0') \> Ip"- (98) 

The inclusion € (5(/9",9^p^) and the condition | j (5 |< -^P^ imply 

that I n{f3')S +ji{p')S \< ipt and by (39) 

I I 1 a 

I Mn(/3')+ii(/3') l< 8^ • 

Therefore, by (92), to prove (98) it is cnougli to show that 

\H^-\p' +Pi + T n> ^p«,V/3' e A4,/3i e r5(pp«). (99) 

Since || /?' + r 1^ |< i^a ^g^g definition of A4 and use (89)) we need to 

prove that 

II /3' + T |2 - I /?' + /3i + r n> ^p",V/3' e ^4,/3i e r,(pp°). (100) 

Using I /? — /3' |< p°~2" ( see definition of A4) by calculations we get 

|/3'+T|2-|/3'+/3i+r|2=-2(/3'+r,/Ji)- |/3i 1^= 
-2(/3 + T, /3i)- I A |2 -2(/3' - /J, /Ji) = -(I /J + /3i + r p - I /? + T |2) + o(p«). 

This and (31) imply that (100) and hence (98) holds. Now to estimate the 
right-hand side of (97) we prove that if p G A4, (3 G A4 and /3 ^ /3 then 

p' +piip')^p" +Pi{p"). (101) 

Assume the contrary that they are equal. Then we have /? = /3 + 6, where 
b e r5(2p"), since e Ts{p"), /3i(/3") e r5(p°). It easily follows from the 

inclusions /? G A4, P + b G A4 that 

||/3'+rp-|/3'+r + 6n<^p" 

which contradicts (100)). Thus (101) is proved. Therefore using (98) and Bessel 
inequality from (97) we obtain the proof of (94) for 2 = 2. Hence (90) is proved 
for i = 4. 

Now we prove (90) for i = 6. First we note that A^ = {/?}. Indeed ii j3 ^ /3 
and /3 G Aq then we have /3 = P + b, where b G Ts{p°'''), and from the relations 
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/? ^ V^i^p'^) ( sec (23) and the definition of 5*2), \ jS + t \= H, wc obtain that 
II /3' + r p -H^ \> which contradicts /?' + r e Rs{H + p"^"'^)). Hence 

= ^(/3 + T,/3 + r) I 6W/,/3) \''= ^ | 6(iV,/,/3) 1^= //^^Ce.i, 

where C6,i =\h{N,j,P) 1^, 

C6,2= ^ I C6,3= |6(iV,/,/3)p. 

To prove (90) for z = 6 we show that 

C6,i=0(p-"*), Vi = 1,2,3. (102) 

By (57) this cquahty holds for i = 1. For | j (5 |> -^p^ the inequahty (91) 
holds. Therefore repeating the proof of (90) for i = 2 we get the proof of (102) 
for i = 2. Arguing as in the proof of (94) for i = 2 we obtain the proof of (102) 
for i = 3. Thus (90) is proved for i = 6. 
Now we prove that 

Ci< E (E I HN,j',/3') f {H^ - Ip'"'^)) (103) 
0'eAi j'ez 

for z = 3, 5, 7. Consider the triangle generated by vectors P + t, + t, P — . 
For /? e ^3 we have 

H + p""-'^ <\I3' +t\<H+ ^p"~\ \I3-P' \> p"--^". 

Let 9 be the angle between the vectors P + t, and /3 + r. If | | < f then using 
the cosine theorem we get 

I (/3 + r,/3'+T) |=i(|/3 + r|2 + |/3'+r |2- I/3-/3' p) 

<H^- ^p'"-*" <H^- \p'"'', 

since a — 2a > aj,- Using this and taking into account that {/3 + t, P + r) < 
for f <| ^ |< TT we get the proof of (103) for i = 3. Similarly if /?' e A5, | ^ |< f 
then 

I (/3 + r,/3'+T) |<i?2_ 1^2a. 

and hence (103) holds for i = 5. If e Ar then \ +t\<H - p2«<i-i and by 
(89) we have 

I (/3 + r,/3'+r) \<H'-^p^"^, 
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that is, (103) holds for i = 7 too. Now (103) and Bessel inequality imply that 
Cs + C5 + Cr<H^ - ip'"^ =1 /? + T |2 -^p'"<^. 

This, (90) and (54) give the proof of Lemma 3, since 2 — 2a < 2ad ( see the 
definition of a in (9)). 

The proof of Lemma 4 

Let rii be a positive integer satisfying the inequality 

I (ni + v)5 \^< Ap^+^-d <| (m + 1 + v)6 p . Introduce the following sets 

D^,^.{p,v,A) = {xGHs :| 2{x,b')+ \ b' \^ + \ {j + v)S \^\< Msp"'} 

"1 

D{p,v,4)= y ( y D,,.{p,v,4), (104) 

j=-ni-3 b'^Tsip^d) 

S',{p,b,v) = ((F/(4p«)\F/(p«))\(£>(p,t;,4)U£>i(pi)Ui52(p"+2«)))n£>3, (105) 
where 

D,{pi)= y v^,ipi), D2{p^+"^)= y v^,{p^+'-), 

b'ers{p"d) b'ersipp°')\bR 
Ds = {R{^p -ds- l)\R{\p + ds + 1)). 

Now we prove that the set ^2 (p, 6, v) contains an element /? e satisfying 
all assertions of Lemma 4. First let us prove that S2{p,b,v) fl F^ is nonempty 
subset of S2{p), that is, 

S'2{p,b,v)nTsCS2{p), S'2{p,b,v)nTsT^<D (106) 

It follows from the definitions of S2{p,b,v) and 5*2 (p) ( see (23)) that the first 
relation of (106) holds. To prove the second relation we consider the set 

D'ip) = (V/(3p»)\y/(2p«))\(i?(p,i;,6) UZ)i(2pi) UZ)2(2p«+^«))) ni?4, 

where D4 = i?(|p- 1)\-R(ip+ 1). If /3 + r e £>'(p), where /3 e F5,t e Fs, then 
one can easily verify that /3 G S'2(p, b, v). Therefore { P+Fs : /3 G S'2(p, b, v)r\Ts} 
is a cover of D (p). Hence 

I S'2{p,b,v)nTs \> (Mi=^5))-V(^'(p)), (107) 

where | <S'2(p, b, v) HTs \ is the number of elements of 5*2 (p, b, v) HTs- Thus to 
prove the second relation of (106) we need to estimate iJ,{D (p)). It is not hard 
to verify that ( see Remark 2.1 of [4]) 

p((y/(3p'^)\H'(2p'^)) n D4) > ci3p'^-2+". (108) 
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Now we estimate /i((V/(3/9°)\y/(2p")) n Di{2p^) n Di). If 6' e {}M)r\T sip"-"), 
then one can easily verify that V^, (2p2 )nD4 C y/(2p")n£'4. Therefore we need 

to estimate the measure of Vjf (3p°) n V^,{2p^ n £>4 for 6' e )\6R. For 

this we turn the coordinate axes so that the direction of (1, 0, 0, 0) coincides 
with the direction b , that is 6 = (| |,0,0, ...,0) and the plane generated by 
6,6 coincides with the plane (a;i, 2:2, 0, ...0), that is, b = (61, 62, 0, ...,0).Then 
the condition x e V"/ (3p") n V^,{2pi) n Di imply that 

X, I b \=0{p-^), 
xibi+X2b2 = 0{p''). (109) 
xl+xl + ... + xl_i=0{p''). 

First equality of (109) shows that xi = 0{p^). Since b and 6 arc linearly 
independent vectors of we have | 6 || 62 |> p{Fs), where \ b |< p"''. Therefore 
I &2 |> m(^5)p "'^ ^^'^ the second equality of (109) implies that X2 = 0{p"'^°'^). 
Now using the third equaUty of (109) we obtain that V^^Sp") n V^,{2pi ) n D4, 
is subset of [—cup^jCup^] x [-014^"+"'', ci4p"+"''] x {[—Ci4p,ci4p])'^~^ which 
has the measure 0{p'^-^+i This with | Tsip"") \= Oip^'^''^^"") give 

Ai((y/(3p") n 2?i(2p5) n D4) = 0(pd-3+i+a+da,) ^ 0(p'^-2+'^), (110) 

since dad < ^ ( see the definition of ad in (7)). In the same way we get 

/i((F/(3p«) n £)2(2p«+2") n Di) = 0(p'^-3+2a+(d+4)a) = o{p'^-^+^), (111) 

since a+ (d+4)a < 1 ( see (7) and (9)). To estimate fJ:{D,y ■ (p, v, 6)) we turn the 
coordinate axes so that the direction of (1, 0, 0, 0) coincides with the direction 
b . Then the condition x G D^i j{p, v, 6) n D4 imply that 

2x^\b' \ + \b + | (j + ^;)<5|2|=0(p"<^), 

xi+xl + ... + xl_i = 0{p''). 
These equalities shows that xi belongs to the interval of length 0{p°''^) and 

l^{D,,.{p,v,6)nD4)=0{p''-^+'^^). 

Now using (104) and taking into account that rii = 0(p^(^+"<^)), 
I Tsip"'') 1= Oip^'^-'^^"'') we obtain 

piDip, V, 4) n 7^4 = 0(/-2+i+(d+i)a.) ^ 0(/-2 + a)^ 

since a > ^ + {d + ^)ad ( see (9) and (7)). This estimation with (110), (111), 
and (108) imphes that p{D' {p)) > ci5p''~^+''. Therefore (107) give the proof of 
the second equality of (106). 
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Now take any element /3 from S'2(/3, b, v)r]Ts. It follows from the definitions of 
of the sets S'2ip,b,v), D^^> ,^{p,v,A), A{P,p) (see (105) and (27)) that v ^ A{l3,p). 

Let us prove the inequalities in (58). By the definition of 52 (p, b,v) we have 
13 e V;'^(4p°)\V'/ (p"). This means that 

p" <\ 2{l3,b)+ I 6|^i<4p°. 

This with the obvious relations | b \= 0(1), | t |= 0(1) imply (58). 
Now we prove (59). If 7 G S{5, h)\5m. then 

7 = n6 + a(5, nT^O, neZ, aeM, | (7, 6) h| n || 6 p>| 6 (112) 

since each 7 G F has decomposition 7 = 6 -\- a5, where b G F^, and 6 is a 
maximal element of (see (3.2) of [4] and the definition of S{6,b) in (13)). 
This with the relations {f3 + t,S) — give (/3 + r, 7) = n(/3 + T,b). Therefore 
the first inequality of (58) implies (59). 

Let us prove (60). If 7 S{S, b), | 7 |< |p|" then 7 = 6 + a6, where a G R, 
b' G F5(p")\6M, and (/3 + t,7) = (/3 + t,&'). Therefore using | b' \= Oip"), 
I T 1= 0(1) and arguing as in the proof of (58) we see that the relation 

P i V;'^(p"+^"), ( see definition of 52(p,6,w)) implies (60). 

The incquahty (61) follows from the definition of fs,p+T{x), (59), (60), and 
from the obvious relation 

^\7\\qj\<Cie,yq{x)eWi{F,M). 
The last inequality with (112) imply the convergence of the series (13). 



4 APPENDICES 

APPENDIX A. THE PROOF OF (76). 



Here wc estimate the complex conjugate Ci{j' of C\{j , namely 
prove that (see (74)) 



^ A{,3\f3,j' + ji.P + Pi) A{3 +ji,/? + /3i,j,/3) ^ Q(^-2a^2-, 

(Al) 

where 0^(p",9r) = {(ji,/3i) :| ji<5 |< 9r, <| A |< p"}, j G 5i(p), | j'd \< r, 
r = 0{p^"^). The conditions on indices j , ji, j and (39) imply that 

= 0(r2), pj = 0(r2). These with p ^ ^/^(p'^))), where A G V^{vp^), 
( see (29)) give 

^,3 = -2(/3,/3i) + 0(r2), | (/3,/3i) |> \p\ (A2) 



Using this, (34) and (Al) we get 

"-2(/3,/3i) 



Ci{f,Xj,,) = E + O(P-^V^), (A3) 

/3i 
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where C' = J2j, A{j',f3j' + ji^p + pi)A{j' + In [4] we proved 

that ( see (3.21), (3.7), Lemma 3.3 of [4]) 

A{j',l3,j' +ji,p + pi)= Yl c(m, /?i)a(ni,/3i, /,/?,/ +ji,/3 + /3i), 

ni:(ni,/3i)er'(pa) 

(A4) 

Mf +h,P + Pi,J,P) = c(n2,-/3i)a(n2,-/3i,j' +ji,/? + /3i,j,/3), 

n2:(n2,-/3l)er'(p°) 

r'(p") = {(ni,/3i) :/3i G r^O, m e Z, /3i + (m - (27r)-i(/3i, <5*))(5 G r(p")}, 
c(ni,/3i) = g^,,7i = A + (m - (27r)-i(/3i, J*))5 € r(p"), (A5) 

where d* is the element of O satisfying (5* , ^) = 27r 

Now to estimate the right-hand side of (A3) we prove that 

^ a(ni , /Ji , j' , p, j' + Pi)a{n2 , , j + j, /3) (A7) 

= a(ni + 712, 0, J , (3, j, P) + 0(p-f "). 
By definition we have 

a(ni +712,0, /,/J,i,/3) = (e^("^+"=)V/,„(/3)(s),^,>(/3)(s)) = 

This, (A6), and the following formulas 

\jiS\<9r 

= E «(n2, -/?!,/, /3,i' +ii,/3 + /?i)^,.'+,.,,„(^+^,) +0(p-^«). 



Uii5|<9r 



E I a(ni,/?i,/,/3,/ +ii,/3 + /3i) |= 0(1) (A8) 
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( see (3.16), (3.17) of [4]) give the proof of (A7). Now from (AT), (A4), (A3) we 
obtain 

d = ^(^(c(ni, /3i)c(n2, -/3i)a(ni + na, 0, j', /3, j,/3) + ©(p'^"))), 
m 712 

01 ni n2 

, ^'/fl ^ c(;7.i, + ''2-U,./,,i.j,/3) 

where Ci[lJi,ni,n2) = . One can read- 

-2(p, Pi) 

ily verify that 

C[{0i,ni,n2) + C[{-pi,n2,ni) = 0. (A9) 



Therefore Ci(j', A^- ;?) = 0(p-2«r2). 

APPENDIX B. THE PROOF OF (47). 
Arguing as in the proof of (75) wc sec that 

C2{Aj,0) = C2{Xj,0) + O{p-''^). 

Using (A4) we obtain 

TTTT — T / V- /V^ c(ni,/Ji)c(n2,/?2)c(n3,-/3i -/?2) . « ■n\ 
<^2(Aj,/3) = 2^ ( 2^ (Z^TT ^ ^ ra(ni,/3i,j,/3,j(l),/3(l))x 

a(n2,/?2,i(l),/?(l),i(2),/3(2))a(n3,-/?i-/32,i(2),/?(2),i,/3), 

where (ii,^i) e Q(p«,9ri), {j2,02) & Q(p",90ri), j e Si,f3i+p2 ¥= 0. Applying 
(A7) two times and using (A8), we get 

E«(m,/3i,j,/3,j(l),/3(l))(E«("2,/32,j(l),/3(l),j(2),/3(2))a(n3,-/3i-/32,j(2),/3(^ 

jl 32 

= E«('ii>/3i,J,/3,i(l),/3(l))(a(n2+n3,-/3i,j(l),/3(l),i,/3)+0(p-f")) 
h 

= a(ni + n2 +713,0, i,/?,j,/3) + 0(p-P"). 
Using this in above expression for C2{\j,0) and taking into account that 

1 



A.-,/3-A,(i),/3(i) = -2(/3,/3i) + 0(p2«i),| (/3,/3i) |> 
Xj,0 - Xm,m = -2(/3,/3i + 132) + O(p2«0, 1 (/3,/3i + p2) \> Ip", 



which can be proved as (A2), wc have C2(Aj.;3) — 0(p 



^ ^ c(ni,/3i)c(n2,/32)c(ri3,-/?i - l32)a{ni +n2 + 713,0, j, (3, j,/3) 

0b:n.i:,n. 4(AA)(A/?l+/32) 
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Grouping in the last sum terms with the equal multiplicands 

c(ni,/3i)c(n2,/32)c(n3,-/3i -/32), c{n2, 02) c{ni, (3i) 0(713, -(3i - ^2), 
c(ni,/3i)c(n3,-/3i - /32)c(n2,/32), c(n2,/32)c(n3, -/3i - /32)c(ni,/3i), 
c(n3,-/3i - /32)c(ni,/3i)c(n2,/32), c(n3,-/3i - /32)c(n2,/32)c(ni,/3i) 
and using the obvious equality 

1 1 1 



(/3,/3i)(/3,/3i+/32) (/?,/32)(/3,/32+/3i) (/3, -/32) 
1 1 1 ^ 

+ 7^ TTTTT^ TTT + T7. 7. TTTTT. ^ = 



(/3,/32)(/3-,/?i) -^1-/32) (/3,-/32) {fi-^r-(iim-(ix) 

wc SCO that this sum is zero, that is, C2(Aj ^3) = 0(p~^""'"^"i). 
APPENDIX C. THE PROOF OF (46). 

It follows from (75) that Cx{^j,si) = Ci{\j^f}) + 0{p~^''). Therefore we need 
to prove that 



Ci(A,- ^) = \j \fs,p+r{xf WU^dx + 0{p 

J F 



3a+2ai 



), 



where 



^ ~7 ^3,0 - ^i+h,0+0l 

(ii,/3i) e g(p«,9ri), j e Si, and by (A4) 

^^=E( E ( E (E t^y""'''^ ^ 

ft ni:(ni,/3i)er'(p») n2:(n2 -/3i)er'(p») ji ''''' 

a(?ii , A , j, /3, i + + /3i )a(n2 , -/3i , i + ji , /3 + /3i , j, /3) . 
Replacing Xj^^ - Xj+j^^^+fs^ by -(2(/3 + t,/3i)+ | /3i +ij.j+j^{v{0 + /3i)) 
IJ,j{v{(3))) and using (A7) for j = j we have 

TTT— ^ — T Y^/V^/V^ c(ni,/3i)c(n2,-/3i)a(ni +712,0, j,/3,j,/3) 
Ci(j,A,,,) = ^(}^(^ _2(;3 + r,A) + 

01 ni n2 



ft m n. ji + /?i)(2(/3 + /3i)+ I /3i P - Mi) 

a(n2,-/3i,i + ii,/3 + /3i,j,/3)(| /3i p +;i,.+j-^(t;(/3 + /3i)) - ^,.(^'(/?)))- 

The formula (A9) shows that the first summation of the right-hand side of 
this equality is zero. Thus we need to estimate the second sum. For this we use 
the following relation 

M,-+,-,(^;(/3+/3i))a(ni,/3i,i,/3,j+ji,/3+/3i) = (e'("i-(2^)"(''-^*))Vj>(/3),I^.^ 
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Using this, (A7), and the formula 

h 

= (e*("^+»^)V;.,(^)(s)),<p,>(;3)(s)) + 0(p-^«), 
which can be proved as (AT), we obtain 

X] '"J+Ji (^(^ + /3i))a(ni , /Ji , j, i + ji , /3 + A )a("2 , , j + ji , /3 + /3i , j, /3) = 
h 

(I m - (27r)-i(/3i,^*) |2) I 5 |2 +^,.(z;))a(ni +712,0, i,/3,i,/3) - (CI) 
2i(ni - (27r)-i(A,^*)) | 5 |' (e^(-+-)v;. ,(^)(s)), <p,>(^)(5)). 
Here the last multiplicand can be estimated as follows 

= {n^+n^f I 5 p (^,-.(^)(s),e*("^+"^)V,-.(^)(s)) + 

2i{n,+n,) I 5 |2 ((/p,-,(^)(s),e^("^+"^)V;>(;3)(s))+Mi(^)(¥'i,.(/3),e'("^+"^)V,>^^^ 
and hence 

(e*^"^+"^^V;>(/3)(s)),¥'i,.(/3)(s)) = ^^^(e*^"^+"=)V,>(0^ 
Using this, (CI), and (A7) we get 

^ (a(ni , /3i , J, /3, j + + /3i )a(n2 , , i + ji , /3 + /3i , j, /?)) x 

( I /3i |2 +/x,-+,-,(w(/3 + (3i)) - I^jiv{l3))) = aim + n2,0,j,p,j,p)x 
(|A|^ + |m-^^|Vr-(ni-^)l^r im+n,)) 
= (I A P + I <5 |2 (m - - lM!l))a(ni +n2,0,j,/3,j,/3). 



Thus Ci(j, Aj,/3) = C + 0(p-3"+2«i), where 

-2, -/9i)q 
4| (/? + r,/3i) |2 



ri _ sr^ c(ni,/3i)c(n2,-/3i)a(ni +n2,0,j,/J,j,/3) 

2^ AKR^-r 12 ^ ^^^^ 



/3i,ni,n2 
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Now we consider 



\fs,0+T{x)f \(pn,vi{S,x))\'^ dx, 



where fs^p+rix) is defined in (9) and by (A5) 

(/3 + T,/3i) 



(ni,/3i)er,(p«) 

Here fs^p+rix) is a vector of and |/5,/3+x(a;)| is a norm of this vector. Using 
(/?, 5) = for /? e we obtain 

|. ..|2_ V (/3i./32) + K-^)(n,-%P)UP 

- 2. (/3 + r,/3i)(/3 + r,/32) 

(«i,/3i),(n2,/32)er^(p°) 

Since (^^,^((5, a;)) is a function of {5,x) we have 

for /3i ^ /32- Therefore 

/ ,, / m2| ^^|2 , c(ni,/?i)c(-n2, 

/ l/5,/?+r(a;)| |<^j>((5,a;))| dx = ^ \{B + t Bi) P 

|'+(ni-^^|^)(n2-^^|^) |<5|2a(ni-n2,0,j,/3,j,/3). 
Replacing 77,2 by —712 we get 

|/5,/3+r(a;)|^ |(^„,„(((5,a;))|^rfa; = 4C. 

( see (C2)). Thus (46) is proved. 

APPENDIX D. ASYMPTOTIC FORMULAS FOR T^{Q). 

Let /io(0) < Aii(O) < /i2(0) < ... be the eigenvalues of the operator Tq((Q). It 
is well-known that /Lt2rn+i(0) and /i2m+2(0) both satisfy 

=1 + I + 16.1 X l^'^'^l' + ""^i^^ 

(see [1], page 58). This formula yields the invariant (17). Using the asymptotic 
formulas for solutions of the Sturm-Liouville equation (see [1] , page 63) one can 
easily obtain that 

, . ^ Qi{s) ^ Q{s)-Q{Q)-hQl{s) ^ 1 
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where Qi{s) = /J* Q{t)dt. From this by direct calculations we find vlo(C)j ^i(C)) 
^2(C) (see (14)) and then using these in (15) we get the invariants (16). 
Now we consider the eigenfunction ipn,v{s) of Ty{p) in case w ^ 0, | and 

TO=1,-1 

The eigenvalues and eigenfunctions of T„(0) arc (n + ?;)^ | 5 p and e*("+")«^ 
for n Since the eigenvalues of Ty{p) are simple for v ^Q, \hy well-known 
perturbation formula 

{ifuAs), e'("+'')^)vp„,„(s) =e'("+'')«+ 



^ / (T;(0) - X)-^p{x))\Ty{0) - X)-^e^(-+^>d\ (D2) 

fe=l,2,... ^ 



where C is a contour containing only the eigenvalue (n + t)^ I 1^- Using 

gi(n+-u)s 



(T^(0) - A)-^e'("+'')" 



(n + i;)2 I 5 |2 -A 



and (Dl) we see that the fc-th ( fc = 1, 2, 3, 4) term Fk of the series (D2) has the 
form 



1 / Z^_^((n + i,)2|^|2_A)((n + m + i;)2|5|2-A) ' 



c 

i{n+7n+l+v)s 



((n + t;)2|5|2_A)' 

1 



((n + m + 1;)2 | b |2 -A)((n + m + Z + 1;)2 | ,5 |2 -A) 

(n+m+/+fc+v)s 



dA, 



-/ 



„ _ - I X ' PmPlPkC 



2^^^ + I ^ I' + m + t;)2 I 5 |2 -A) 



((n + m + Z + u)2 I (5 |2 -A)((n + m + Z + fc + t;)2 | 6 P -A)'^'^' 



-1 /■ ^ P™PjPfePre'("+'"+'+'=+''+''> 



^4 = ^ / E 



f(n-|-m-|-Z-|-fc + r-|-t;)2 I ^ |2 -A) 

x,l,k,r— 1,-1 /II/ 



((n + m + 1;)2 | 6 |2 -A)((n + m + / + 1;)2 | ^ |2 -A) 
1 



{{n + m + l + k + v)'^ \S \^ -X){{n + vf\S |2 -A) 



dX. 
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Since the distance between (n + v)"^ | ^ P and (n + vY | <5 p for n 7^ n is 
greater than ciyn , we can choose the contour C such that 

^ < — , VA e C, Vn' ^ n 



I (n I 5 |2 -A I n 

and the length of C is less than cig. Therefore 

/s=5,6,... 

Now we calculate the integrals in Fx, F2, F3, F4 by Cauchy integral formula 
and then decompose the obtained expression in power of K Then 

Let F2,i and -F2,2 be the sum of terms in F2 for which m + l = ±2 and m + l = 
respectively, i.e., F2 = F2,i + -F2,2, where 

((p.fe--(p_0V-)^(^ + O(i,))), 

F2,2 = e^("+'')« b,|^ + + £^ + 0(1)) 

and C20, C21, C22 are known constants. Similarly F3 = F^^i +^3^2, where i^3_i and 
^3,2 are the sum of terms in ^3 for which m + I + k = ±3 and m + I + k = ±1 
respectively. Hence 



F3,2 = e'("+'')«((pie- - p_ie--) \p^\^ + ^ + 0{^))+ 



(pie-+p_ie-)bi|^(^ + 0(^))). 

n n° 

In the same way we can write F4 = F4_i + ^4^2 + ^4^3, where F^^i, Fi^2, F^^^ 
are the sum of terms in F4 for which m + l + k + r = ±4, m + l + k + r = ±2, 
m + Z + fc + r = respectively. Thus 
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F,,, = e^("+'')«(p?e2- +p\e-^n \Pi? Q + 0(^))), 

F4,3=e^("+''>bi|^(^ + 0(4))). 

Since p^^e"**^* is conjugate of pj^e**^^ the real and imaginary parts of F^e"**^ 
consist of terms with multiplicands p\e^^" + p^]^e~^'^^ and p\e^^" — p^jc"*''* 
respectively. Taking into account this and using the above estimations we get 

|(Vn,«(s),e^("+'')«V„,„(s)|'=2( Re(Ffc)+Re(FiF2) + Re(FiF3)) 

/c=l,2,3,4 

1 + ^ |-^(pie*'* +p_ie-*'* +C28|pin + ^((pie^** +p_ie-*")c29 

+ C30|Pl|^) + ^((Pie''* +p-ie"''*)c31 +C32bl|^ + C33bl|^ 

+ C34|pi|'(pie^^ +P-ie-n + (C35 + C36|pi|')(p?e2^^ +p\e-^n) + O(^), 
where Re(-F) denotes the real part of F. On the other hand 

e^("+")«)|2 = (C37 + 038^ + C39^)blP + C40^bl|' + 0(4)- 

n'' n° 

The formula (19) follows from these equalities and (20) is a consequence of (19), 
(17) and (15) for A: = 2,4 ■ 
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